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ABSTRACT 

In this paper I discuss by means of path integrals the quantum dynamics of a charged particle on the 
hyperbolic plane under the influence of an Aharonov-Bohm gauge field. The path integral can be solved 
in terms of an expansion of the homotopy classes of paths. I discuss the interference pattern of scattering 
by an Aharonov-Bohm gauge field in the flat space limit, yielding a characteristic oscillating behavior in 
terms of the field strength. In addition, the cases of the isotropic Higgs-oscillator and the Kepler-Coulomb 
potential on the hyperbolic plane are shortly sketched. 



1 Introduction 



The Aharonov-Bohm gauge field has a long history, beginning in 1959 by a classical paper by 



Aharonov and Bohm [ Aharonov and Bohm (1959) ] . The effect has been well studied and well 
confirmed [Anandan and Safko (1994)], but not necessarily well understood. It describes the 
motion of charged partides, i.e. electrons, which are scattered by an infinitesimal thin solenoid. 
The magnètic vector potential A of the solenoid produces a magnètic field which is essentially 
(5-like, i.e., its support is an infinitesimal thin solenoid, and it is vanishing everywhere else. 
Geometrically this experimental set-up corresponds to the quantum motion of a particle (which 
we consider as spin-less) in 1R 2 , where a point has been removed with the consequence that 
topologically R 2 becomes no longer connected. Since the solenoid is assumed impenetrable, the 
space of the particle motion 1M is the Euclidean plane minus the cross section of the solenoid. 
Everywhere in IV1, V x A = and hence A = V/(r), where f(r) is an arbitrary scalar function 
of r = |x|,x £ IR 2 . Classically, a charged particle is not affected at all by the solenoid. However, 
in quantum mechanics, the particle's wave function picks up in a scattering experiment a phase 
factor according to 



íe 



* a (x) = ^ (x)exp I ^ / A-dx 
V nc Jpath a 



(1) 



where \l/o( x ) is the vector potential- free solution. The wave- function \E' effective to a measure- 
ment is the sum of solutions corresponding to inequivalent paths, i.e., = Yl a Topologically 
the paths a can be distinguished by their winding numbers n, thus giving rise to infinitely many 
homotopy classes designated by the number re. 

Path integral treatments of the Aharonov-Bohm effect in the Euclidean plane are due to 



Bernido and Inomata | Berndio and Inomata (1980) |, Gerry and Singh | Gerry and Singli (1979) ], 
Liang [Liang ( 1988) ] , and Schulman [Schulman (1971)1- Harmònic interactions have been dealt 



with in | Kibler and Campigotto (1993) |, the Coulomb-Kepler potential have been taken into ac- 
[ Chetounai et al. (1989 ^ , Dràgànascu et al. (1992) 



count by, e.g. 



[ Kibler and Negadi (19871 , |Lin (1998)1 |Park and Yoo (1998)11 



Hoang et al. (Ï992| 
relativistic partides by, e.g 



| Bernido (1993)|, Gamboa and Rivelles (1991)| , Hoang et al. (1992)| , Hoang and Giang (1993J 



| Lin (1998) , Park and Yoo (1998) 1, an d a more comprehensive bibliography can be found in, 



e.g. | Anandan and Safko (1994) , Grosche and Steiner (1998) |. 



Path integrals, e.g. [Feynman and Hibbs (1965), Grosche (1996), Grosche and Steiner (1998)] 



[ Klcincrt (1995)| 1, and |Schulman (1981) ] provide us with global information of the quantum mo- 
tion, including the topological effects on the wave-function. If we want to study the Aharonov- 



Bohm effect by means of path integrals [ Berndio and Inomata (1980) , Gerry and Singh (1979) 
we consider the time evolution from t 



Liang (1988 
particle according to 



to t = T of the wave-function of a 



* Q (x";T) =J2 J K Q/3 (x",x / ;T)M/ a (x / ;0)dx' 



(2) 



where 



K a/3 (xr, x'; T) = K (x", x'; T) exp 



|A-dx 



(3) 



ftc \ Jpath a ./path (3 

and this leads us the the formal expression separating the sum over a and (3 (under the assump- 



1 



tion the separation is well-defined) 



(4) 



Provided the paths cu, (3 cover in an idealized experiment the whole range from minus infinity to 
plus infinity, we can express the separation of the time evolution of the particle according to 



K(x",x';T) = £ K„(x",x';T) , 



(5) 



where n = denotes the unperturbed case in IR 2 , i.e., we obtain the free propagator on the 
entire IR 2 . For the final result we obtain for the Feynman kernel the following form, e.g. 
| Bcrndio and Inomata (1980) , Groschc and Stcincr (1998) , Liang (1988) 



K(x",x';T) 



m 



exp 



2vriftT r \2hT 



— t^\T + r 



(6) 



Here, two-dimensional polar coordinates (r, (p) have been used, and £ = e&/2irhc with $ 
B x area the magnètic flux. 



2 Aharonov— Bohm Field on the Hyperbolic Plane 



In this paper I would like to give a path integral treatment of the Aharonov-Bohm effect on 
the hyperbolic plane [ |Kupcrin et al. (1994) ], i.e., the scattering of (spin-less) electrons by an 
Aharonov-Bohm field on leaky tori. Such systems play an important róle in the theory of 
quantum chaos, e.g. [Gutzwiller (1991)]. The hyperbolic plane, respectively Lobachevsky space, 
is defined as one sheet of the double sheeted hyperboloid 



u" 



2 2 

Uq - «i 



R 2 



u > . 



(7) 



The model of the upper-half plane U = {^(z) = y > 0\z = x + iy} endowed with the mètric has 
the form (where I have set for simplicity R = 1) 



òs 1 



àx 2 + dy 2 

2 ■ 

y 



x G M, y > 



(8) 



Alternatively I can also consider the unit disc model D = {z = re l ^\r < 1, $ € [0, 27r)}) 

dr 2 + r 2 dtf 2 



ds 2 



.2\2 ' 



r < 1,* € [0,2vr) , 



and the pseudosphere A = {z = itanh(r/2) e 1<p |r > 0, ip £ [0, 2ir)} 



ds 2 



dr 2 + sinh 2 r d<^ 2 



t > 0, íç G [0, 2tt) . 



(9) 



(10) 



U, D and A are three coordinate space representations out of nine of the hyperbolic plane 
iGrosche et al. (1996)1 |Grosche (1996)1 , |Olevskiï(1950)| . Plane waves have the asymptotic rep- 
resentation oc y 1 / 2±lfc (e.g. on U, k the wave-number), e -( ±lfc + 1 / 2 ) r ( Q n A), and the coordinate 



2 



origin is r = (on D), r = (on A), and z = i (on U), respectively. The isometries on the 
hyperbolic plane are Mòbius transformations corresponding to the symmetry group PSL(2,IR), 
and magnètic fields give rise to the consideration of automorphic forms in the theory of the 
Selberg trace formula [ Hejhal (1976) ]. 

Constant magnètic fields on the hyperbolic plane have been studied in, e.g. [Comtet (1987) 



Fay (1977)| , pnueli (19941 , and by means of path integrals in |Grosche (1988)| , |Grosche (1990a)[| . 
The path integral formulation for a particle on the hyperbolic plane subject to a constant mag- 
nètic field on A has the form Grosche (1990a j| (I implicitly assume that the constant negative 
curvature of the hyperbolic plane, i.e., the two-dimensional hyperboloid equals one, u E A) 

K(u",u>;T)^K(t",t',v"^';T) 

t(T)=t" <p(T)=<p" 
= J Pr(í)sinhr J Vip(t) 

t(0)=t' </>(0)=y/ 



x exp < - 

n Jo 



— (f 2 + sinh 2 Tip 2 ) — ò(coshr — l)ip ( 1 



8m 



1 



sinh r 



dí 



exp 



/ m 



8m J N^oo V 2irihe 



N N-l çi-K 

II / sinhTjdrj· / dífj 
J=1 J o Jo 

i N í m - efi 2 

\ E (| + sinh2 ^Vi) - Kcosh Tj - 1)A VJ - ^ 

j=l 3 

ma x /.OO 

JO 



x exp 



E 

l = — OO 
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Here b = eB/hc, with B the strength of the magnètic field, c denotes the velocity of light. For 
the magnètic field B I have chosen the gauge 



-B(cosh t — 1) 



(12) 



Due to dB = (drAtp — dtpAr) drAdtp = (m/2)B sinhrdrAd(/3, dB has the form constant x volume 
form and can thus interpreted indeed as a constant magnètic field. In the lattice formulation I 
have taken [Grosche (1996), Groschejmd Steiner (1998~)| ] Aqj = qj — qj-i, qj = q{tj), tj = je, 
j = 1, . . . , N, e = T/N, N — > oo, f 2 (qj) = f(qj-i)f(qj), for any function / of the coordinates. 
The bound state solutions are given by 



vf 6 



N.l 



N\(2b + \l\)T(2b- N + \l\ 
4tt(N +\l\)\T(2b- N) 



xe 



ilíf 



tanh • 



N 2m 



1 - tanh 2 - 
2 



1 



b-N 



P 



(]I|,26— 2JV— 1) 



N 



1 - 2 tanh 2 



N 

2 



(iV = 0,l,...<JV max <&-i) 



(13) 
(14) 



3 



Pn a ' b \x) are Jacobi polynomials |Gradshteyn and Ryzhik (1980) ] . The energy-levels ( |Ï4|) are 
the Landau levels on the hyperbolic plane. This is in complete analogy to the flat space case, 
where the Landau levels are E n = hw{n + |) with u = eB/hc the cyclotron frequency, and the 
bound states are described by Laguerre polynomials, e.g. [ |Grosche and Steiner (1998)| , The flat 
space limit can be recovered [ Grosche et al. (1996) ] by re-introducing the constant curvature 
k = 1/R (R > 0), redefining E N -» E N /R 2 ,b^ bR 2 (note 6(coshr - 1) br 2 R 2 /2, r > the 
polar variable in IR 2 , as R-* oo), and considering the limit R — > oo. 

For the continuous states the wave-functions and the energy spectrum, respectively, I obtain 



Ek 



1 / k sinh 2irk „ / 1 + ik 



7T 



I 



xe 



47T 

'**( tanh^ 



+ 6 + 1/1 r 



l+üfe 



1 — tanh 2 



X2Í 7 ! 



1 



iA + b + 



"■5 



+ iA; - 6; 1 + |/|;tanh 2 



2m 



A 2 + ò 2 + 



(15) 
(16) 



2-^1 (a, 6; c; z) is the hypergeometric function, and k > denotes the wave-number. I note 
that a minimum strength of B is required in order that bound states can occur, and only 
a finite number of bound states can exist. For the case that the magnètic field vanishes I 
obtain | Grosche and Steiner (1988)| ] (e.g. fGradshteyn and Ryzhik (1980) | for the relation of the 
Legendre functions to the hypergeometric function) 



Ek 



/ k sinh ixk 
V 2tt 2 

^(k 2 + l - 

2m\ 4 



F(í+ik + \l\)^Vr k ^ (coshr) , 



(17) 
(18) 



For instance, we have the relation [Abramowitz and Stegun (1984)] 

1 



K-i/2Í coshT ) 



r(i-/i) 



2 2 M(1 _ 6-2^-/^-^+1/2)7 



1 



1 



2 ~ ^ 2 + v ~ M; 1 ~ 1 ~ e " 



-2t 



(19) 



However, for the vector potential for an Aharonov-Bohm gauge field, we need another 
Ansatz. According to [ Kuperin et al. (1994) ] I take for A = Be v with B = const. Therefore I 
get for the classical Hamiltonian 



n = — 

2m 



1 



sinh 2 r 

and for the Lagrangian, respectively (ò = eB/hc) 



eB\ 



(20) 



£ = —(t + sinh tíd ) + -A 

■> • x ip 



Tïl / . 2 ■ i 2 ■ 2 \ v- ■ 

— (r + smh Tip ) +t,p 



(21) 
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Note that the vector potential in (^) vanishes at r = 0, which means that we can take any 
constant for A v depending on the gauge, and the requirement that it is non-zero. With the mo- 
mentum operators p T = (h/ï)(d T + coth r) and p v = (h/ijd^ we get for the quantum Hamiltonian 
(together with the quantum potential oc h 2 ) 



H 



2m 



P 2 T + 



1 



sinh r 



e-BV 



8m 



1 



sinh r 



(22) 



The angular variable ip varies in the interval [0, 27r), and therefore we usually assume ipj £ 
[0,27r), Vj. However, the path can loop around the infinitesimal solenoid many times, which 
has the consequence that in our case ipj £ IR, Vj. Therefore, the path integral, if calcu- 
lated according to (|ÏT[), gives only a partial propagator which belongs to a class of paths 
topologically constraint by tpj £ [0,27r),Vj. For the total propagator, we have to take into 
account all paths from all homotopically different classes. This can be done by considering 
the path integration over the angular variable (fj remaining in the physical space 1M with 
Acpj = (fj — tpj—i + 2ir n (ipj £ [0, 27r),n £ Z), or alternatively switching to the covering space 
IM* with Aifj = (fj — fj-i, where (fj £ IR. I therefore incorporate the effect of the infinitesimal 
thin solenoid by a 5-function constraint in the path integral, with an additional integration J d<p 
| Berndio and Inomata (1980) ], therefore I get (expanding the 5-function, £ = e^/2i:hc with $ 
the magnètic flux.) 



K (t ,r ,cp ,cp ; i ) 

r(T)= 



J d<p J Pr(í)sinhr j 



T><p(t)5[ ip 



tp dí 



exp 




<p(0)=<p' 



f + sinh rep ) +bcp 



8m 



1 



1 



sinh 2 r 



dí 



— e iA ^ hm 
K 2tï N^oo 



2-irihe 



N N—l 

n 

3=1 



sinh Tj drj 



2n 



dcpj 



x exp 



. N , . . 

I E ( + sinh2 r i A Vi) + - A)A^ 



et? 



dip 



3=1 
K 27T 



8msinh 



<• E e^"-v)ir A+ ^(TV;T) , 

l=— oo 



(23) 



where 



^A+i-ç(r",r';r) 

r(T)= 

— „-ihT/8m 



T>r(t) exp 



r(0)= 



m 



ft 2 (A + l - £) 2 - 1/4 



2m 



sinh r 



dí 



(24) 



Using Poisson's summation formula 

oo oo 

Y e iW = 2ir Y à(9 + 27Tk) , 



(25) 
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I obtain (by changing the integration variable A — > À + £ — l) 

TSAB/^II _/ ,_// ,J.rp\ 

K [t ,t ,ip ,íp ;1 ) 

/ / dAe iA ^ 2 e^^'-^iÍA+i-^/.T'jr) 

/ dXé l ^"-^'-^ X+ ^K x (T",r';T) 



2tt 
1 

2^ 



JR 



JR 



/ d<^ y 6(<p" - <ff - <p + 2nk) / dA K\(t" , r'; T) 



(26) 



-fÍA is now given by 
K x {t",t';T) 



r(T) = 



-ihT/8m 



T>r(t) exp 



r(0)=r' 



1 

fi ./o 



2 T 2m sinh 2 r ) 



1/4' 



dí 



/•oo 

/ dfce- u ^ :r /»« M (0«]^(T') . 

JO 



(27) 



The wave-functions and the energy spectrum are given by (17,18), respectively, with l — ► A. 
Performing the </>integration in (p6|) yields 



00 . 
';T)= £ ^(v/'-v'+Jhm) / dAe iA ^"-^ +27rn )^ A (r",r';r) 



(28) 



which displays the expansion into the winding numbers. For Ç = the free Feynman kernel on 
A is recovered. 

If we want to study the effect of scattering by an Aharonov-Bohm solenoid we must consider 
interference terms according to 

I nl = K* n Kt + KfK n . (29) 



Unfortunately, a closed expression for the propagator (27) does not exist. We can either an- 
alyze by means of an asymptotic expansion of the Legendre functions, i.e., P^,_i/ 2 ( z ) (X 
(r(ip)/r(l/2 + ip-/x))(2z) 1 / 2 - ip /^F + c.c., as \z\ -* 00, which yields very complicated and an- 



alytically intractable integrals over T-functions. Alternatively I can use the formula lim ! ,_> 00 
P 1 7 ít (cosh(z/^)) = Ifiiz) [ Gradshteyn and Ryzhik (1980)| which corresponds to the flat space 
limit of the hyperbolic space with constant curvature R. Restricting therefore the evaluation of 
I n i to the flat space limit R —* 00 I re-introduce the constant curvature R into the path integral 
(|27D by means oímf 2 — > mR 2 f 2 = mr 2 , and m sinh 2 r — ► mR 2 sinh 2 r — > mR 2 T 2 = rar 2 (r = Rt 



is the radial variable in Euclidean polar coordinates), as R — > 00 [ tzmest'ev et al. (1997) ], 
This gives for K\ in this limit the usual free Feynman kernel in polar coordinates in 1R 2 
|Grosche and Steiner (1998) , Peak and Inomata (1969) ] 



K x (T",T';T)~K x (r",r';T) 



m 



2nihT 



exp 



ím 

2hT 



' /2 //2\ 

r + r" , 



|A| 



/ 11 

mr r 



ihT 



(30) 



Following [ Berndio and Inomata (1980) | we can now evaluate By means of the asymptotic 
formula (\z\ — > oo,$ï(z) > 0) 

A 2 - 1/4 X 



h z) 



1 

2vrz 



exp z 



2z 



(31) 
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and a Gaussian integration we get the asymptotic expansion 



dAe iAe / A (z) ~ exp ( z + 



1 

8z 



(32) 



Hence I obtain for the partial propagator K n (with z = mr'r" /iHT, the condition ignored, 
c.f. [Berndio and Inomata (1980), Grosche and Steiner (1998)|, |Peak and Inomata (1969)||) 



K n (r",T',ip",ip';T) 
ïhT 



m 



2mhT 



exp 



\ml¥ 



2hT 



(t" 



+- 



— + iÇ(ip" -if' + 2vrn) + 



J\2 



ïmR 2 T'T" 



8mR t t 

Consequently, I get for the interference term 



2hT 



(ip — ip + 2im) 



(33) 



Ini - 2 



m \ ' 



2-KihT , 



X cos 



mti t r 



(34) 



The principal feature of this result consists that the interference patterns does not depend only 
on the initial (r', (f') and final points (r", <p"), but on the homotopy class numbers n and m as 
well which describe the windings around the infinitesimal thin solenoid. This flux dependent 
shift is a proper Aharonov-Bohm effect. The interference term vanishes for n = l. 

The maximum contribution to the Aharonov-Bohm effect on the (hyperbolic) plane is ob- 
served for the smallest non-vanishing value \n — l\ = 1 > 0. Therefore, the maximum effect is 
observed for the interference of the winding number l = and n = —1, or vice versa, yielding 
the interference term 

m \ 9 



Io,-i 



2-kiKT ) 



COs(27T^) . 



(35) 



This is the Standard result, e.g. | Feynman and Hibbs (1965)| ] and [ Berndio and Inomata (1980) 
and references therein. 



3 Higgs-Oscillator and Kepler— Coulomb Potential 

Obviously, we can incorporate potential terms in the radial path integration r, e.g., we can 



include the Higgs-oscillator potential | Grosche et al. (1996) , Higgs (1979) | 



^(Higgs)(u) = — W R — 



111 



íü 2 R 2 tanh 2 r 



(36) 



o 



which is the analogue of the harmònic oscillator in a space of constant curvature, or the Kepler- 
Coulomb potential [Barut et al. (1990), Grosche (1990b), Grosche et al. (1996)], respectively 



^(Coulomb) ( u ) — _ ~B 



ï/0 



a 



-(cothr-1) 



(37) 



7 



For clarity, I have included the dependence on the constant curvature R explicitly. In these 
cases, the result (^) is more appropriate. The combined dcp dÀ-integration yields À = 0, and 
the total propagator becomes 



K ab {t",t',v",v';T)= £ ^"^' ) K ]1 ^ ] (t" í t';T) , 



(38) 



l=— oo 



and the effect of the solenoid exhibits in a modification of the angular momentum dependence 
of ííu_£|. This feature, however, modifies the number of bound states of the system with 
respect to the quantum number l. For instance, for the Higgs-oscillator case this gives (v 2 = 
mWR 4 /h 2 + 1/4) 



*2 isgs W;fí) = (2^sinhr)- 1 / 2 ^)(r;fí)e^ 



(39) 



S^(r;R) 



1 



r(|z -e| + 1) 



2(i/ -\l-Ç\-2n- l)r(n + \l - Ç\ + l)T(u 



nl/2 



R 2 T(u- -n)n\ 



x(sinhr)l'- ç l +1 / 2 (coshr) n+1 / 2 - i/ 2 Fi(-|í - £|, v - n; 1 + \l - Ç|; tanh 2 r) , (40) 
with the discrete spectrum given by 



£(Higg 



2mR z 



(2n+|Z-£|-i/ + l) 



1 



ni o „o 



(41) 



Only a finite number exist with iV max = [v — \l — £| — 1] > ([x] denotes the integer value of 
x G IR). The continuous wave-functions have the form 

^ ÍggS \r,V>;R) = (27rsinhr)- 1 / 2 ^ ) (r;fí)e i ^ , 

' ksmlnrk „(v — \l — £| + 1 — ik\ f\l — Ç| — u + 1 — iA; s 



(42) 



S ( k\r;R) 



1 



2vr 2 fí 2 



r(|/-í| + i) 

x(tanhr)l / - ç l +1 / 2 (coshr) i/c 

,. . u + \l-Ç\ + l-ik \l-£\- v + l 



ik 



2 ' 2 

with the continuous energy-spectrum given by 

R (Hi gg s) ft2 
p 2mi? 2 



;1 + |Z- Ç|;tanh 2 r 



fe + T + TT^ -R 



2 D 2 



(43) 



(44) 



In the case of the Kepler-Coulomb problem on A we obtain for the discrete energy spectrum 
(N = N + \l - f| + i, (JV = 0, 1,2, ... ,iV max = [v/ïï/a — |í — í| — |],a = ft 2 /ma is the Bohr 
radius) 



(Coulomb) 



* i? 2mi? 2 2^ 2 iV 2 ' 1 j 

The wave-functions I do not state, c.f. [ Sroschc et al. ( 1996) ] , and the continuous states are 
modified by their angular momentum dependence, i.e., I — * l — £. However, the effect of the 
Aharonov-Bohm field is not only restricted to a modification of the discrete spectrum, but the 
effect on the scattering states happens through an interference term /„/ similarly to (^), for 
the Coulomb potential and the Higgs-oscillator as well. Again, a closed expression for the radial 
propagator does not exist and we are restricted to the investigation of the limiting case along 
the lines following (p9|). This I do not repeat once more. 



ma 
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4 Summary 



I therefore have shown the admissibility of path integration of the Aharonov-Bohm effect on 
the hyperbolic plane. It can be studied in a straightforward manner yielding analogous results 
in comparison to the flat space case. For scattering states we find interference, due to the 
modification of the angular momentum dependence according to l —* l — £, giving a cos-like pat- 
íem in temis of the strength of the vector-potential, for the free motion, the Kepler-Coulomb 
problem, and the Higgs-oscillator (which is absent in the flat space case); the bound state 
wave-function and the corresponding energy levels are modified in their angular momentum de- 
pendence l — ► l — £ as well, together including an alteration of the number of bound states. We 
found the usual expansion of the total propagator in terms of an expansion into the winding 
number n of the homotopy class of paths. All these features are well-known form the corre- 
sponding flat-space cases. The complicated interference expression (29) could not be evaluated 
due the non-constant curvature features of the hyperbolic plane. This would involve an an- 
alytical intractable integration over Legendre functions with respect to the order. However, 
the investigation of the flat space-limit gave the well-known result. Therefore the effect of an 
Aharonov-Bohm gauge field on the hyperbolic plane, i.e., scattering on leaky tori, exhibits the 
same features as in the flat space case of IR 2 . 
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